Let D be a weighted oriented graph, whose underlying graph is G, and let I(D) be its edge ideal. If G has no 3-, 5-, or 7-cycles, or G is König, we characterize when I(D) is unmixed. If G has no 3-or 5-cycles, or G is König, we characterize when I(D) is Cohen-Macaulay. We prove that I(D) is unmixed if and only if I(D) is Cohen-Macaulay when G has girth greater than 7 or G is König and has no 4-cycles.
Introduction
Let G = (V (G), E(G)) be a simple graph without isolated vertices with vertex set V (G) and edge set E(G). A weighted oriented graph D, whose underlying graph is G, is a triplet
|E(D)| = |E(G)|, and w is a weight function w : V (D) → N + . Here N + denotes the set of positive integers. The vertex set of D and the edge set of D are V (D) and E(D), respectively. Sometimes for simplicity we denote these sets by V and E, respectively. The weight of x ∈ V is w(x) and the set of vertices {x ∈ V | w(x) > 1} is denoted by V + . If V (D) = {x 1 , . . . , x n }, we can regard each vertex x i as a variable and consider the polynomial ring R = K[x 1 , . . . , x n ] over a ground field K. The edge ideal of D, introduced in [5, 15] , is the ideal of R given by I(D) := (x i x w(x j ) j : (x i , x j ) ∈ E(D)).
If w(x) = 1 for each x ∈ V (D), then I(D) is the usual edge ideal I(G) of the graph G [18] , which has been extensively studied in the literature (see [6, 20] and the references therein). The motivation to study I(D) comes from coding theory, see [8, p. 536 ] and [15, p. 1] .
In general, edge ideals of weighted oriented graphs are different from edge ideals of edgeweighted (undirected) graphs defined by Paulsen and Sather-Wagstaff [14] . Consider the weighted oriented graph D ′ = (V, E, w ′ ) with w ′ (x) = 1 if x is a source vertex (i.e., a vertex with only outgoing edges) and w ′ (x) = w(x) if x is not a source vertex. Then, I(D ′ ) = I(D). In view of this throughout this paper, we will always assume that if x is a source, then w(x) = 1.
The projective dimension, regularity, and algebraic and combinatorial properties of edge ideals of weighted oriented graphs have been studied in [5, 8, 11, 15, 21, 22] . The first major result about I(D) is an explicit combinatorial expression of Pitones, Reyes and Toledo [15, Theorem 25] for the irredundant decomposition of I(D) as a finite intersection of irreducible monomial ideals. If D is transitive, then Alexander duality holds for I(D) [5, Theorem 4] .
The edge ideal I(D) is unmixed if all its associated primes have the same height and I(D) is Cohen-Macaulay if R/I(D) is a Cohen-Macaulay ring in the sense of [12] . We say that D is unmixed (resp. Cohen-Macaulay) if I(D) is unmixed (resp. Cohen-Macaulay). As pointed out in [8, p. 536] , the Cohen-Macaulay property and the unmixed property of I(D) are independent of the weight we assign to a sink vertex (i.e., a vertex with only incoming edges). For this reason, we shall always assume-when studying these properties-that sinks have weight 1.
The graph G is well-covered if all maximal stable sets of G have the same cardinality and the graph G is very well-covered if G is well-covered and |V (G)| = 2τ (G), where τ (G) is the cardinality of a minimum vertex cover of G. The class of very well-covered graphs contains in particular the bipartite well-covered graphs studied by Ravindra [17] and more recently revisited in [19] . One of the properties of very well-covered graphs that will be used in this paper is that they can be classified using combinatorial properties of a perfect matching as shown by a central result of Favaron [4, Theorem 1.2] (Theorem 2.16).
The content of this paper is as follows. In Section 2 we present some well-known results about edge ideals. We denote the in-and out-neighborhood of a vertex a by N − D (a) and N + D (a), respectively, and the neighborhood of a by N D (a) (Definition 2.1).
Let D = (V (D), E(D), w) be a weighted oriented graph without isolated vertices whose underlying graph is G. The graph G is König if τ (G) is the matching number of G, that is, the maximum cardinality of a matching of G. In Section 3, we characterize in graph theoretical terms the unmixed property of I(D) when G is König.
One of our main results is:
is unmixed if and only if the following conditions hold:
(1) G has a perfect matching P with property (P), that is, G has a perfect matching P such
We also show that conditions (1) and (2) of Theorem 3.4 characterize the unmixed property of I(D) when G is a graph without 3-, 5-, and 7-cycles (Proposition 3.7). We give other characterizations of the unmixed property of I(D) when G is a König graph (Corollary 3.6) or G is very well-covered (Corollary 3.8).
The Cohen-Macaulay property of I(D) is studied in Section 4. We give a combinatorial characterization of this property when G is König.
Another of our main results is:
is Cohen-Macaulay if and only if D satisfies the following two conditions:
(1) G has a perfect matching P with property (P) and G has no 4-cycles with two edges in P .
We also show that conditions (1) and (2) of Theorem 4.3 characterize the Cohen-Macaulay property of I(D) when G is a graph without 3-and 5-cycles (Proposition 4.5). In general any graded Cohen-Macaulay ideal is unmixed [12] . If G is a König graph without 4-cycles or G has girth greater than 7, we prove that I(D) is unmixed if and only if I(D) is Cohen-Macaulay (Corollaries 4.4 and 4.7). For graphs this improves a result of [13, Corollary 2.19] showing that unmixed König clutters without 3-and 4-cycles are Cohen-Macaulay. If I(D) is Cohen-Macaulay, then I(D) is unmixed and I(G) is Cohen-Macaulay (see [10, Theorem 2.6] and [15, Proposition 51]). The converse is a conjecture [15, Conjecture 53] . We prove this conjecture, when G has no 3-or 5-cycles, or G is König (Corollary 4.6).
Graphs with a whisker (i.e., pendant edge) attached to each vertex are König [20, p. 277 ], very well-covered graphs are also König (Remark 2.17), and bipartite graphs are König and have no odd cycles [9] . Then some of our results generalize those of [5, 8, 15, 19] [5, Theorem 5] for weighted oriented trees. Finally in Section 5, we show some weighted oriented graphs that exemplify our results.
For all unexplained terminology and additional information, we refer to [1] for the theory of digraphs, and [6, 20] for the theory of edge ideals and monomial ideals.
Preliminaries
In this section we give some definitions and present some well-known results that will be used in the following sections. To avoid repetitions, we continue to employ the notations and definitions used in Section 1.
Definition 2.1. Let x be a vertex of a weighted oriented graph D. The sets If G is the underlying graph of D, then C is a (minimal) vertex cover of G if and only if C is a (minimal) vertex cover of D. Definition 2.3. Let C be a vertex cover of a weighted oriented graph D, we define the following three sets that form a partition of C: (1) I(D) is unmixed.
(2) All strong vertex covers of D have the same cardinality. 
Definition 2.9. The cover number of a graph G, denoted by τ (G), is the cardinality of a minimum vertex cover of G.
is the matching number of G, that is, the maximum cardinality of a matching of G. Theorem 2.19. If G is a graph without 3and 5-cycles or G is a König graph, then the following conditions are equivalent: 
Unmixed weighted oriented graphs
In this section we classify the unmixed property of a weighted oriented graph D whose underlying graph G is König. Furthermore, we characterize when I(D) is unmixed if G is very well-covered or G is a graph without 3-, 5-and 7-cycles. 
Since the unmixed property of D is closed under connected components, and isolated vertices are unmixed, in the rest of this section we assume D does not contains isolated vertices.
We come to the main result of this section. (1) G has a perfect matching P with property (P), that is, G has a perfect matching P such 
Hence |S ∩ e| = 1 for each e ∈ P . Consequently, b ′ ∈ S ′ , since b ∈ B ⊂ S and {b, b ′ } ∈ P . One has the inclusion N + D (a) ⊂ S ′ . Indeed, take d ′ ∈ N + D (a). Since P is a perfect matching of G, there is d ∈ V (G) such that {d, d ′ } ∈ P . As d ∈ B, we get d ∈ S. Hence d ′ / ∈ S because S is a stable set.
We will prove (2) by contradiction. Suppose there is c ′ ∈ N D (b) \ N + D (a). Then, c ′ ∈ S ′ , since b ∈ S, {c ′ , b} ∈ E(G) and S is stable. We set
. This implies L 3 (C) ⊂ N + D (a). The next step is to prove that C is a strong vertex cover. As {a, b ′ }, {b, c ′ } ∈ E(G) and {b, b ′ } ∈ P , by condition (1) we get {a, c ′ } ∈ E(G). Thus, a ∈ N D (c ′ ) ⊂ C. Also, a / ∈ L 1 (C), since N + D (a) ⊂ C. Hence, C is a strong vertex cover, since L 3 (C) ⊂ N + D (a), a ∈ L 2 (C) ∪ L 3 (C), and w(a) > 1.
Then, by Theorem 2.6 and Remark 2.12, |C| = τ (G) = |P |, since I(D) is unmixed and G is very well-covered. Then, |C ∩ e| = 1 for e ∈ P . This is a contradiction, since
a) and condition (2) holds. ⇐) By (1) and Theorem 2.16, G is very well-covered. Thus, by Remark 2.12, I(G) is unmixed. Now, let C be a strong vertex cover of D.
. This is a contradiction, since C is strong and b ∈ L 3 (C). This implies, L 3 (C) = ∅ for any strong vertex cover C of D. Therefore, by Theorem 2.6, I(D) is unmixed, since I(G) is unmixed. (1) G is very well-covered. The next result shows that Theorem 3.4 also holds when G has no 3-, 5-, or 7-cycles.
Proposition 3.7. Let D be a weighted oriented graph whose underlying graph G has no 3-, 5-, or 7-cycles. Then I(D) is unmixed if and only if D satisfies the following conditions:
(1) G has a perfect matching P with property (P). Corollary 3.8. If D is a weighted oriented graph whose underlying graph G is very well-covered, then G has a perfect matching P and the following conditions are equivalents:
Proof. By Remark 2.17, G is König. Furthermore, by Theorem 2.16, G has a perfect matching P with property (P). 
Cohen-Macaulay weighted oriented graphs
In this section we classify the Cohen-Macaulay property of a weighted oriented graph D whose underlying graph G is König or G is a graph without 3-and 5-cycles. If G is a König graph without 4-cycles or G has girth greater than 7, we prove that I(D) is unmixed if and only if I(D) is Cohen-Macaulay. 
The following result is well-known. It follows from the depth lemma [20, Lemma 2.3.9]. Proof. ⇒) By Proposition 2.7, I(G) is Cohen-Macaulay. So, by Theorem 2.19, G satisfies (1). As I(D) is Cohen-Macaulay, I(D) is unmixed. Hence, by Remark 3.5, D satisfies (2). ⇐) By induction on |P |. By Theorem 2.19, I(G) is Cohen-Macaulay. Consequently, by Lemma 2.20, there is x ′ ∈ V (D) such that deg D (x ′ ) = 1. Then, x ′ is a source or a sink. Hence w(x ′ ) = 1. Since P is perfect, there is x ∈ V (D) such that e ′ := {x, x ′ } ∈ P .
One has the equality (I(D), x) = (I(D 1 ), x), where D 1 = D\{x, x ′ }. We denote the underlying graph of D 1 by G 1 . Thus Q 1 := P \ {e ′ } is a perfect matching of G 1 such that, Q 1 satisfies (1) and (2) in D 1 , since P satisfies them in D. Then, by Theorem 2.16, G 1 is very well-covered, since Q 1 satisfies (1). So, by Remark 2.17, G 1 is König. Hence, by induction I(D 1 ) is Cohen-Macaulay. This implies (I(D), x) is Cohen-Macaulay because (I(D), x) = (I(D 1 ), x) and x is regular modulo I(D 1 ). Furthermore, the variable x is a zero-divisor of R/I(D), since either xx ′ or x ′ x w(x) is a minimal generator of I(D). Therefore, by Proposition 4.2(2), to prove that I(D) is Cohen-Macaulay it suffices to prove that J := (I(D) : x) is Cohen-Macaulay.
For i = 1, 2, we set V i := {z | w(z) = i},
By Proposition 2.8, we may assume V + = V 2 and V (D) = V 1 ∪ V 2 . We consider the cases w(x) = 2 and w(x) = 1. As is seen below in the first case x is a zero-divisor of R/J and in the second case x is a regular element of R/J. 
. Using Eq. (4.1), we get the equalities Hence, we only need to prove that L 1 and L 2 are Cohen-Macaulay, since A 1 and A 2 \ {x} are regular sequences of R/L 1 and R/L 2 , respectively. To show this, we will consider for i = 1, 2 the following auxiliary graphs H i and F i .
For i = 1, 2 consider the weighted oriented graph
Consequently, the elements of V ′′ are sources in H i and I(H i ) ⊂ I(D \ A i ) for i = 1, 2. Furthermore, if e ∈ E(D \ A i ) \ E(H i ), then e = (a 1 , a 2 ) with a 2 ∈ V ′′ implying x e := a 1 a
we will prove that Ω i is a set of isolated vertices in H i for i = 1, 2, that is,
. This is a contradiction by (1). Therefore
If {a, a ′ } ∈ P and a ′ ∈ V ′′ , then a ∈ Ω i and a ∈ V (H i \ Ω i ). Now, for each v ∈ V ′′ let y v be a new variable and consider the weighted oriented graph F i for i = 1, 2, whose vertex set and edge set are
respectively, and whose weight function w i , is given by
Since Ω i is a set of isolated vertices in
. Then I(F i ) is a partial polarization of L i obtained from L i by polarizing all monomials v 2 with v ∈ V ′′ , that is, we replace v 2 by vy v . Hence, we only need to prove that I(F i ) is Cohen-Macaulay for i = 1, 2 (cf. [8, p. 555] ).
Let F i be the underlying graph of F i for i = 1, 2. We will prove that
A contradiction, then P i is a matching, since P is a matching and {y v | v ∈ V ′′ } ∩ V (D) = ∅. So, to show that P i is a perfect matching of F i , we need only show that the following equality holds
We take e = {a, a ′ } ∈ P i . If e = {v,
. Now, we assume e ∈ P , then e ∩ Ω i = ∅ and e = e ′ . Thus, x ∈ {a, a ′ } and by (1) we have
Thus, there isẽ = {b, b ′ } ∈ P such thatẽ = e ′ , since P is a perfect matching of D.
Next we show that P i satisfies (1) and (2) 
As P satisfies (1) and by definition of E(H i ), we have (2) . Hence
(2) If a ∈ V (D), w(a) > 1, b ′ ∈ N + D (a) and {b, b ′ } ∈ P , then N D (b) ⊂ N + D (a).
Proof. ⇒) By Proposition 2.7, I(G) is Cohen-Macaulay. Thus, by (b) in Theorem 2.19, G is very well-covered. Hence, by Remark 2.17, G is König. Therefore, by Theorem 4.3, D satisfies (1) and (2) . ⇐) By Theorem 2.16, G is very well-covered, since G satisfies (1). Consequently, by Remark 2.17, G is König. Therefore D is Cohen-Macaulay, by Theorem 4.3.
The following result proves [15, Conjecture 53] , when G is a König graph or G is a graph without 3-and 5-cycles. The girth of a graph G is the length of a shortest cycle contained in G. If G does not contain any cycles, its girth is defined to be infinity. Proof. It follows from Propositions 3.7 and 4.5.
Examples
Example 5.1. The two weighted oriented graphs depicted in Figure 1 are mixed, and their underlying graphs are unmixed König graphs with a perfect matching. 
